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INTRODUCTION
Tauberian operators appeared in response to a problem in summability Ž w x. see 7 . They were first defined as those operators T : X ª Y that satisfy Ž . T ** x** g Y implies x** g X. Since then, they have been applied in many different situations, for instance, to study the isomorphic properties w x of Banach spaces 2, 8 , the equivalence between the Radon᎐Nikodym w x property and the Krein᎐Milman property 11 , and the factorization of w x w x operators 9 ; see also 1, 3᎐6 . One of the most significant characterizaw x tions of Tauberian operators was given by Neidinger and Rosenthal in 9 . They proved that a nonzero operator is Tauberian if and only if it maps Ž . weakly closed bounded convex sets to closed sets. In this paper we prove that although the second conjugate T ** of a Tauberian operator T : X ª Y might not be Tauberian, it maps w*-sequentially closed bounded Ž . convex sets to closed sets, when X is separable. We shall say an operator T : X ª Y preserves a certain family of sets P Ž . provided, for all bounded sets A ; X, A g P if and only if T A g P. From the beginning, Tauberian and semi-Fredholm operators have been compared because both can be characterized as preserving certain families of sets: Tauberian operators preserve weakly relatively compact sets and w x semi-Fredholm operators preserve relatively compact sets 3᎐9 . The class Ž of operators that preserve conditionally weakly compact sets a set A is conditionally weakly compact if each sequence in A has a weakly Cauchy . w x subsequence is studied in 4, 5 in the context of semigroups of generalw x ized Fredholm operators and also in 2, 3 where they are called semi-Ž . Tauberian and are applied to study isomorphic properties of L , X .
1
The semi-Fredholm property is stronger than the Tauberian, and the Tauberian property is stronger than the semi-Tauberian.
The main result of this paper proves some characterizations of semiTauberian operators acting on a separable Banach space. These characterizations give rise to new properties of the second conjugate of a Tauberian w x operator. Kalton and Wilansky 7 proved that the second conjugate T ** of a Tauberian operator T is Tauberian, when T has closed range, and they w x asked when this property is also true. In 1 a Tauberian operator T : X ª X is constructed such that X is separable and T ** is not even semi-Tauberian.
We now give the main result which will be proved in Section 1 and will be extended to the nonseparable case in Section 2. Ž . Ž w x. Any Tauberian operator satisfies iv see 5 and therefore all the other properties. A truly interesting semi-Tauberian operator must have a domain X such that X has a copy of l but it is not hereditarily l , because 1 1 when X is hereditarily l every semi-Tauberian operator from X is As a consequence of the main result, if T : X ª Y is Tauberian, X is Ž separable, and X * has Grothendieck property i.e., every w*-Cauchy . sequence in X ** is weakly convergent , then T ** is also Tauberian.
PROOF OF THE MAIN RESULT w x
Recall from 10 that, given a topological space K, a nonempty subset L of K, and a real-valued function f defined on K, it is said that f satisfies the discontinuity criterion on L provided there are two real numbers r, ␦ with ␦ ) 0 so that, for every nonempty relatively open subset U of L, Ž . Ž . w x there are y and z in U such that f y ) r q ␦ and f z -r. In 10 , Rosenthal proved the following result for separable Banach spaces: every Ä UU 4 bounded sequence x ; X ** without weak*-Cauchy subsequences has n a subsequence point-wise convergent on some subset L ; B U so that the Since f satisfies the discontinuity criterion on L, there exist x U and x
UU on x , x , some i exists such that, for all i G i , x belongs to the
. weak* closure of the following set C we shall write x g w*-C :
UU 4 we have assumed that x ; B s w* y B . Moreover, the hypothe-
is w*-convergent to 0 yields that 0 g T ** w* y C s i 1
Ž .
Ž . w* y T C , and then 0 belongs to the weak closure of T C or, equiva- 1 1 Ž . lently, to the norm closure of T C . Thus, some x g C exists such that x U g B l L, and f satisfies the discontinuity criterion on L; conse- 2 1 quently, some points mentation with the set 
Proceeding inductively in the same form one arrives at the desired sequence.
Ž . Ž .
Proof of the Main Result
is weakly null, 0 belongs to the weak closure of the convex hull of
can be chosen such that T y ª 0 and, obviously, y is 2 n 2 nq1 n n also an l -sequence. Taking a suitable subsequence, we can assume that ; X ** without w*-Cauchy subsequences such that
is w*-Cauchy. Let y** be the w*-limit of T x . Since
is bounded, y g T w*-B and so we may assume that y** s 0. of the Baire-1 elements of X, i.e., the w*-limits of sequences of elements of X. In fact, this property of T ** characterizes semi-Tauberian operators; w x see 3 .
NONSEPARABLE CASE w x
Since the Rosenthal result from 10 is not applicable to the nonseparable case, the properties described in the main result might not be equivalent in this case. We shall consider some weaker properties. Let us start by Ž . observing that property i seems to be stronger than being semi-Tauberian.
Ž . Ž . Ž n . Ž . Consider the operator T : c R R ª l given by T x s Ý 1r2 x n e , 
